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Prediction of the Merits of Single Crosses 
C.R. Henderson 
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Summary. Best linear unbiased prediction of single crosses is described for a model that is somewhat more 
complete than those previously published. The method applies to unequal subclass numbers with unequal means 
of the observations. The lines are assumed to be a random sample from some population. Also, methods for 
unbiased estimation of the variances and covariances from such data are presented. 

I .  Introduction 2. Diallel Cross Desi~,n and Model 

Diallel crosses are used for two purposes: first as 

an aid in interpreting the genetic mechanism, and 

second to test the relative merits of different single 

crosses for some practical applications such as the 

production of corn. For the first purpose, the lines 

used in the diallel crosses must be regarded as a 

random sample from some population. Then the ana- 

lysis of the results usually involves estimation of 

components of variance and covariance. For the pur- 

poses of evaluating crosses, most workers have esti- 

mated by least squares, presumably assuming that 

the lines are fixed. If in fact they are, this is a logi- 

cal estimation method. If, however, the lines are 

actually random, the problem becomes one of predic- 

tion, and least squares is not the best method. If 

all observations have a common mean, ~, selection 

index techniques have certain optimum properties 

provided certain required variances and covariances 

are known. In contrast, if the means are different and 

unknown, selection index methods are not appropriate. 

If one can assume known variances and covariances, 

it is possible to find predictions that are unbiased and 

have minimum prediction error variance. It is the 

purpose of this paper to describe these methods and 

to present methods for estimating variances and co- 

variances needed in these prediction methods. In ad- 

dition, a model is used that has one more parameter 

than has been used in most discussions of diallel cros- 

ses. 

There are available q lines for use in a diallel cross 

design. Each of these q lines is used as both line of 

sire and line of dam. The resulting q • q two-way 

table of numbers of observations on each cross has 

all diagonal elements = 0. Some of the off-diagonal 

elements may also be 0, but the most efficient design 

would ordinarily be one in which the number of obser- 

vations would be equal except for the diagonals. We 

assume that the purpose of the design is to select the 

best crosses for use in a future breeding program. 

The model assumed for y, the observation vector 

of length n~ is 

z=xB § s§247247 

where X is a known n x p matrix, possibly with both 

dummy variates and covariates; 8_ is an unknown 

fixed vector; Zl, Z2, and Z 3 are known matrices of 

order n x q, n • q, and n x q(q-1), respectively, and 

with all elements = I or 0; s-- = Is I ... Sq3, corre- 

sponding to line used as line of sire; d--= [d I . .. dq3, 
corresponding to line used as line of darn; and r is 

a q(q-1) • 1 vector of line of sire by line of dam in- 

teractions with elements, r~$, ordered j within 

and including those rij (~ / $) corresponding to 

n.. = 0. The reason for including these terms is that 7.g 
they can be predicted in the random lines model. 

E(e) = O, and Var(e) = Ic; 2. The distributional pro- 

perties of s, d, and r in the random lines model are 

described later. An underscored upper case letter de- 
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notes a matrix, an underscored lower case letter a 

column vector, and an italicized lower case letter a 

scalar. 

It is assumed that the i subscript denotes line of 

sire and the j subscript denotes line of dam. In 

scalar notation, the model is 

Yijk : 

P 

Xhij k 8 h 
h=l 

+ s i + dj § rij + eij k . 

3. F i x e d  Lines  

Now, if some nij(i/ j) = 0, delete the corre- 
t m 

sponding rows of C03 , C13, C23, and C33 in (I). 

Also delete the corresponding columns of the coeffi- 

cient matrix in (1) and similarly for the right-hand 

side. Then it is easy to see that the rank of the re- 

duced matrix, 

c_ a c_B caa/ 

If l i nes  a r e  r e g a r d e d  as  f ixed,  then s_, d ,  and r a r e  

f ixed.  If a l l  n . .  ( i  / j )  > 0, the l e a s t  s q u a r e s  equa -  CJ 
t ions  a r e  

~ = (1) 

where  COO = X ' X ;  CO1 i s a  px q m a t r i x  with e l e -  

ments  [Zhi.. ] o r d e r e d  i within h with each  row 

c o r r e s p o n d i n g  to an h; C02 is  a p x q m a t r i x  with 

e l e m e n t s  [ X h . j 3  o r d e r e d  j within h with each  row 

c o r r e s p o n d i n g  to an e l e m e n t  of  h~ -q03 is  a 

p x q ( q - 1 )  m a t r i x  with e l e m e n t s  [Xhi j .  ] o r d e r e d  j 

within i with each  row c o r r e s p o n d i n g  to an h; C l l  

i s  a q2 diagonal  m a t r i x  with diagonal  e l e m e n t s  = ni. ~ 
C12 is  the q2 m a t r i x  of  l ine  of  s i r e  x l ine  of dam 

s u b c l a s s  n u m b e r s ;  C_I 3 i s  a q ( q - 1 )  m a t r i x  with the 

i t h  row conta in ing n i l  . . .  niq and 0 ' s ,  the  pos i t ions  

of  the n . .  c o r r e s p o n d i n g  to the pos i t ions  of  r . .  in 

the r v e c t o r ;  C22 is  a diagonal  m a t r i x  with d ia -  

gonal e l e m e n t s  = n j ;  C23 is  a q x q ( q - 1 )  m a t r i x  

with the j t h  row conta in ing n . . . . .  n . and O ' s ,  the ~j q@ 
positions of the nij corresponding to the positions 

of rij in the r_ vector; C33 is a diagonal matrix of 

X' order q(q-l) with elements = nij ~ ~ = -- y~ t_~ = 

[Yl.. "'" Yq..3; t~= [Y.!. "'" y.q.3; and_t 3 is a 

q(q-l) vector with elements Yij. (i # j) and ordered 

as in the elements of r. If nij(i # j) = 0, the corre- 

sponding value of Yij. = 0. 

i s  equal  to the n u m b e r  of  f i l led  s u b c l a s s e s .  A so lu -  

t ion is  ~ = a = 0 and 9 = s o m e  solut ion to (2) whe re  

-q03 and C33 a r e  r educed  if t h e r e  a r e  m i s s i n g  s u b -  

c l a s s e s  i 

c-63 c3U\ / S 
(2) 

Assuming that there are no interactions of factors 

m ~_ with s, d, and r, it is clear that the only esti- 

mable functions of s, d, and r are linear functions 

of s. + d. + r.. for which n..>0. What, then, is 

the meaning of  d i f f e r e n c e s  among s i r e  l ines?  If al l  

s u b c l a s s e s  w e r e  f i l led  ( including d i a g o n a l s ) ,  we 

might  define the d i f f e r ence  be tween  l ines  i and k as  

~ ~, (s i+ r ij - s k- rkj) . 

J 

This ,  of c o u r s e ,  is  not p o s s i b l e  b e c a u s e  of the 

m i s s i n g  d iagonals  and poss ib ly  o the r  s u b c l a s s e s  as 

w e l l .  A not v e r y  s a t i s f a c t o r y  c o m p a r i s o n  might  be 

! 
nf~,(si + rij - s k - rkj) 

where summation is over the subclasses for which 

ni 4~ and nkj both are greater than 0, and there are 

nF such pairs. Realistically, all we can do in the 

fixed case is to compare the relative merits of the 

crosses for which n.. >0. Of course, if it were 1.j 
known that all rij = 0, we could compare lines by 

solving 
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C) t : C  = t l  " 

The  a s s u m p t i o n  of  no i n t e r a c t i o n  i s  p r o b a b l y  u n t e n -  

a b l e  s i n c e  t h e  b r e e d e r  u s e s  d i a l l e l  c r o s s e s  b e c a u s e  

h e  w a n t s  to c a p i t a l i z e  on  i n t e r a c t i o n ,  s o m e t i m e s  

c a l l e d  " n i c k i n g . "  

3 . 1 .  S p e c i a l  c a s e  in  w h i c h  8 .  = d .  a n d  r . .  = r . .  

In  s o m e  s p e c i e s ,  i t  i s  l o g i c a l  to  a s s u m e  t h a t  t h e  i j th  
c r o s s  i s  i d e n t i c a l  to  t h e  j i t h  c r o s s .  Tha t  i s ,  s .  = d .  

a n d  r . .  = r . . .  In  t h a t  c a s e ,  l e t  t h e  m o d e l  b e  
~3 J~  

Y = X~ + ~..4~ + Zsh + e 

_ G w h e r e  g'= [gl  "'" gq] a n d  h '  = [h12 h l 3 . . . h q _ l ,  q. 
i n  w h i c h  t h e  f i r s t  s u b s c r i p t  of  h . .  i s  l e s s  t h a n  t h e  

s e c o n d ,  g c o r r e s p o n d s  to  b o t h  s__ a n d  d of  t he  p r e -  

v i o u s  m o d e l ,  a n d  h c o r r e s p o n d s  to  r .  The l e a s t  

s q u a r e s  e q u a t i o n s  w h e n  a l l  n . .  + n . .  > 0 e x c e p t  f o r  

d i a g o n a l s  a r e  

I Coo Co4 
c-4 ~4 
c--is ~5 c5 /\ is 

(3) 

w h e r e  C 0 4  = C01  § C 0 2 ;  ~ 0 5  i s  f o r m e d  f r o m  C03  by  

a d d i n g  t h e  p a i r s  o f  c o l u m n s  c o r r e s p o n d i n g  to r . .  a n d  

r j i ;  C44  = C l l  + C 1 2  + C ~ 2  + C 2 2  ; C__45 i s  f o r m e d  by  

a d d i n g  C13  to C 2 3  a n d  t h e n  a d d i n g  t h e  p a i r s  o f  c o l -  

u m n s  c o r r e s p o n d i n g  to r i j  a n d  rj?... ; C 5 5  i s  a d i a g o n a l  

m a t r i x  of  o r d e r  q(q-1)/2 w i t h  d i a g o n a l  e l e m e n t s  = 

ni j  + n j i ; ~  4 = t  I + t 2 ;  a n d  t 5 i s  f o r m e d  f r o m  _.t 3 by  

a d d i n g  p a i r s  of  e l e m e n t s  c o r r e s p o n d i n g  to ni j  a n d  

n . . .  

I f  some ni j  + n j i  ( i  > j )  = 0,  condense equation 

(3) by deleting the rows from [C65 C__~5 C55] and 

similarly for the corresponding columns of 

cos 

C_ss 

a n d  e l e m e n t s  of  t 5.  

N o w ,  t he  o n l y  e s t i m a b l e  f u n c t i o n s  of  ~ a n d  f a r e  

l i n e a r  f u n c t i o n s  of  g i  + h i j  f o r  w h i c h  n i j  + n j i  > 0 .  

4 .  L i n e s  R a n d o m  

Now we a s s u m e  t h a t  a r a n d o m  s e t  of  l i n e s  h a s  b e e n  �9 

d e r i v e d  f r o m  t h e  s a m e  o r i g i n a l  p o p u l a t i o n ,  t h a t  t h e s e  

l i n e s  a l l  h a v e  t h e  s a m e  i n b r e e d i n g  c o e f f i c i e n t s ,  a n d  

a r a n d o m  s e t  of  p r o g e n y  i s  o b t a i n e d  f r o m  s i n g l e  c r o s -  

s e s  a m o n g  t h e s e  l i n e s .  

4 . 1 .  E q u i v a l e n t  m o d e l s  

A n u m b e r  of  d i f f e r e n t  m o d e l s  c o u l d  b e  w r i t t e n ,  a l l  of  

t h e m  e q u i v a l e n t  to  a b a s i c  m o d e l  a s  f o l l o w s :  

P 

Yijk = ~ Xhijk Bh + uij + eijk " 
h=1 

V a r  (uij) = 

Cov  ( u i j , ~ i )  = 
= 

Cov  (uij , Uih) = 
= 

Cov (uij, u~.) = 

= 

Coy (uij, Uhi). = 

7.  

The u i j  a l l  h a v e  m e a n s  = 0 a n d  t h e  f o l l o w i n g  l o g i c a l  

c o v a r i a n c e  s t r u c t u r e ,  p r o v i d e d  t he  l i n e s  h a v e  t h e  s a m  

i n b r e e d i n g  c o e f f i c i e n t s  a n d  a r e  u n r e l a t e d :  

e I f o r  a l l  i , j ;  

e 2 

covar iance between rec ip roca ls ;  

o 3 f o r  3 " /  h 

c o v a r i a n c e  b e t w e e n  c r o s s e s  w i th  t h e  

s a m e  l i n e  o f  s i r e  bu t  d i f f e r e n t  l i n e  

of  d a m  ; 

c 4 f o r  i/ h 

c o v a r i a n c e  b e t w e e n  crosses w i t h  t h e  

s a m e  l i n e  o f  d a m  bu t  d i f f e r e n t  l i n e  

of  s i r e  ; 

c 5 f o r  j ~ h 

covariance b e t w e e n  crosses w i t h  t h e  

line of sire of one the same as the 

line of dam of the other; 
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Cov (uij, uhl) = 0 f o r  i /  h , l  and j /  h , l .  

Now to c o r r e s p o n d  wi th  t he  e l e m e n t s  of  the  b a s i c  

m o d e l ,  l e t  

uij + eij k = 8 i + dj + rij + eijk.. 

A s s u m e  tha t  t h e s e  h a v e  z e r o  m e a n s  and the  f o l l o w i n g  

v a r i a n c e - c o v a r i a n c e  m a t r i x :  

Var <!) :(iosd o o 

o v o  o 

w h e r e  V h a s  d i agona l  e l e m e n t s  = o 2 and a l l  o f f -  
r J 

d iagona l  e l e m e n t s  a r e  0 e x c e p t  f o r  t h o s e  p e r t a i n i n g  

to the i n t e r s e c t i o n  of  ri j  and r j i ,  wh ich  h a v e  the  

�9 Then,  v a l u e  o . That i s ,  Cov  (rij, rji) = err , 
2 r r ' 2  2. 02 2Ssd + Crr'; e3 o2; 04 

01 = 08 + ~d + ~r ~ : = S 

2 
Od; and 05 = O8d. 

An equivalent model that has been used more com- 

monly (e.g., Henderson 1952) is 

uij + eijk = gi + gj + m.3 + o i j  + h.~j + eij k 

where i < j  and 

uji + ejik = gj + gi + mi + eij + hji + ejik 

where j > i. That is, the first subscript on v is al- 

ways less than the second. All of the variables are 

assumed to have zero means anti variance-oovariance 

m a t r i x  a s  f o l l o w s :  

Var I 
/- - 7 -  - / I~ I._.~g 0 0 0 

: '0 ' !~ o o 

�9 0 o !~ o 

o o o !~ 2 

So f a r  a s  I a m  a w a r e ,  t h e  a u t h o r  i s  t h e  on ly  one  

who has  s u g g e s t e d  a o t e r m  ( H e n d e r s o n  1952) .  It gm 
i s  n e e d e d ,  h o w e v e r ,  i f  t h i s  m o d e l  i s  to be  e q u i v a l e n t  

to t he  b a s i c  uij m o d e l .  

NOW, 

o1= 202+ o2+ 2cr + 02+ a~z ; m 
2 + 0  ; c 2 = 2c~ + 2cg m o 

2 
0 3 = a g  ; 

2 2 +a +2a ; e 4 = Og m gm 

2 
0 5 = 0  +(; g gm 

The r e l a t i o n s h i p s  b e t w e e n  the  p a r a m e t e r s  o f  t he  

m o d e l  o f  t h i s  p a p e r  and the  p a r a m e t e r s  o f  t he  1952 

p a p e r  a r e  a s  f o l l o w s :  

P a r a m e t e r s  of  t h i s  P a p e r  P a r a m e t e r s  of  1952 Mode l  

o s cg 

Cad = Cg + eg m 

C2r ~ + o~ 

2 
~  o C 

Certain variances of these models can be ex- 

�9 pressed as linear functions of the basic genetic pa- 

rameters of the population. Let 2.. be the variance 

contributed to some trait by the interaction of i non- 

allelic genes and j gene pairs in a noninbred popula- 

tion and ignore linkage. Then, the genetic variance 

for the trait in a noninbred population is 

n n 
2 

i :0  j=O 

e x c l u d i n g  i = j = 0 and n = t h e t o t a l  n u m b e r  of  l oc i  

c o n t r i b u t i n g  to the  v a r i a n c e  o f  t he  t r a i t .  F o r  f u r t h e r  

d i s c u s s i o n  o f  th i s  p a r t i t i o n i n g ,  s e e  C o c k e r h a m  ( 1 9 6 3 ) .  

Then ,  02 - (of  t h i s  p a p e r )  = 2 (1952 m o d e l )  = 
g 

n 

i=1 ~ ~  

where f is the inbreeding coefficient of the popula- 

tion. ~z~' (of this paper) = ~ o (1952 model) = 

n n 
i=2 i=0 j= l  
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4.2. P r e d i c t i o n  

Now we can find the bes t  l i n e a r  unb iased  p r e d i c t o r s  

of d,  s ,  and r o r  any l i n e a r  funct ion of these  v a r i -  

a b l e s .  F o r  example ,  the BLUP (best  l i n e a r  unb iased  

p r e d i c t o r )  of the c r o s s  of l ine  of s i r e  i by l ine  of 

dam j is  8. + ~.  + 9 . . .  TheBLUP of the r e l a t i ve  

merits of sire lines in crosses with a random sample 

of the population from which the lines were derived 

i s  ~. .  1. 
The p r e d i c t o r s  a r e  obta ined by modifying equat ion 

(1) as fol lows:  

) to 1 C12 , 

C-q12 C--22 

io2 IVsd ) -1 
add -- s 2 

i.._~s d ! o  ~ e 

The derivation of BLUP is described in Henderson 

( 1 9 6 3 ) .  

I f  n . .  = n . .  = 0 ,  the  p r e d i c t o r s  o f  r . .  and  r . .  

are O. If, however, either n.. or n.. > O, nontrivial 

p r e d i c t o r s  of r . .  and r . .  a r e  ob ta ined .  
~8 dv 

P r e d i c t i o n  e r r o r  v a r i a n c e s  can be obta ined  f rom 

a g - i n v e r s e  of the coeff ic ient  m a t r i x  (Henderson  1975). 

4 . 3 .  Special  case  in which s .  = d.  and r . .  = r . .  

Let the model be d e s c r i b e d  as  in Sect ion 3.1. The 

d i s t r i bu t iona l  p r o p e r t i e s  of the v a r i a b l e s  a r e  

Var  = I._.a~ . 

Then BLUP of g and h o r  any l i n e a r  funct ions  of 

them is  obta ined  by so lv ing  equat ions  (3) modif ied 

as follows : 

to C__44 , 

to  C_55, 

add Ir ; 

add I_ C2e/~2 . 

5. E s t i m a t i o n  of V a r i a n c e s  and C ova r i a nc e s  

9 
The logical  e s t i m a t o r  of r i s  

, 2  se : (.Y'Y_- E'~O - ~'-t3 )/In-rank of the coefficient 
matrix of (2)3 

where E and f are any solutions to (2) and n is the 

total number of observations. 

To estimate the other variances and covariances, 

we compute the following reductions in sums of 

squares and equate to their expectations: I:{(~_, s, d, 

r ) ;  R(~,  s ,  d ) ;  R(@., s ) ;  R(@_, d ) ;  B(~_, g ,  h h) ; and 

R(8_, g). One would use R(~_) r a t h e r  than B(~_, S, d). 

The expec ta t ions  of each of these  reduc t ions  conta in  

~ x' x_~_. 
R(8_, s ,  d, r )  can be found by so lv ing  

c63 c33 ~ -5 

^ 

and then computing 8__' ~0 + _9't 3. B(8_, s, d) can be 

found by solving 

c61 c-i~ c12 E : !i 

C02 C--12 ~22 ~ 12 

and comput ing E ' t  0 + ~_'ll + ~ ' t  2. 1R(~_, S) can be 

found by solving 

(coo 
and computing E ' t  0 + S_ ' ! l .  B(~., d)  can be found by 

solving 

-Coo C-o2 : ~o 

C02 C--22 ! 2 

and computing ~'/O + ~' t2" All of the C.. above are 
---- -"7-,7 

as defined in (I) but modified for missing observa- 

tions. 
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R(~_, g, h) can be found by solv ing  

(coo 
-%s ~ss G_ _% 

and computing ~'/0 + ~-'15" R(~_, K) can be found by 

solving 

and comput ing  ~ ' t  + ~ ' t  . The ~ .  in the two se t s  -=o =4 - ~ j  
of equa t ions  above a r e  defined as  in  (3) but modified 

for  c a s e s  of n i j  + n j i  = O. 

As was s ta ted  be fo re ,  ~'X'X~_. appea r s  in  the ex-  

pec ta t ion  of each of these  r educ t i ons .  The coeff ic ient  

of 2 is the rank  of the coeff ic ient  ma t r ix  used  in 
e 

comput ing  the r educ t ion .  F o r  example ,  the coeff i -  

c ient  of <2 in 1R(~, s)  i s  

_(oo 
c61 c11 

To find the coeff ic ients  of o 2 <;~, r S" ~sd" ~r~ r 
in any reduction, denote the equations for computing 

the reductions as C~ = %. Now compute the coeffi- 

cients of s, d, and r in Eit), regarding s, d, and 

r as fixed for purposes of taking expectations. De- 

note this expectation by B__Is + B.2d + B s_r. Let C be 

some g-inverse of C. Then the coefficients in the ex- 

pectations of the reductions are 

trC_-B__IB ~ for  

trC--B_2 _ for 

2trc_-B_1 _ for 

trC_--B3B ~ for 

trC--B3QB ~ for 

2 
c; s ; 

2 <;d ; 

osd ; 
2 

o r ; 

Q is  a squa re  m a t r i x  of the s a m e  o r d e r  as  the 

n u m b e r  of f i l led s u b c l a s s e s  ( n u m b e r  of e l e m e n t s  of 

r__ in  the leas t  s q u a r e s  equat ions  ) .  All e l e m e n t s  a re  

0 except  for  1 ' s in  the i n t e r s e c t i o n  of r i j  with ~ j i "  

Certain of the coefficients need not be computed 

as described above but can be written directly. These 

are 

i~(8, S, d, r): coefficients of <2, o~, o~= n 

coeff ic ien ts  of err,, <;sd = 0 ; 

lq(~, S, d) : coef f ic ien ts  of < 2  <;~ = n 

coeff ic ient  of <;sd = 0 ; 

lq(8, s) : coefficient of <2 = n 

coeff ic ient  of Osd = 0 ; 

R(~, d) : coeff ic ient  of <;~ = n 

coeff ic ient  of a s d  = 0 .  

B(~_, ~, h) and R(~_, g ) :  coeff ic ient  of c 2, o~ 

2 1 
o s + ~ coeff ic ient  of <;sd = n .  

If X_.~.B con ta ins  only a common  mean ,  ~, and if 

the n u m b e r  of o b s e r v a t i o n s  pe r  off-diagonal  s u b c l a s s  

is  equal ,  the e s t i m a t i o n  of v a r i a n c e s  is  s impl i f i ed  

g r ea t l y .  Let the n u m b e r  of such o b s e r v a t i o n s  pe r  sub -  

c l a s s  be k. Then, n = q ( q - 1 ) k .  Now the reduc t ion  in 

s u m s  of squa r e s  s impl i fy  to: 

B ( •  = ~ Yij. 
i j 

R(~,s,~): q~q-z)k " 

2 
Y~ 

1 2 R(~,  s) = lJ -- ~__Yi.. ; 
i 

1 T,y. 5. 

R(~_, ~,  h) = ~-~ (Y i i .  § Yji.  ; 
i j 

i 
R(~, K)= 2k(q-1)(q-2) 

i 
�9  .i 2-2y2o. 1 . 
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The expectations of  t h e s e  r e d u c t i o n s  a r e  

2 2 2 q(q-1)a~ R(~,~,~,E): q(q-1)k(Os+Cd+Zr)+ 

2 

2 
+ 2(q-1)o e 

2 2 2 
B ( A , ~ ) :  q(q-1)ko~+ qk(v d + Or)* qge ; 

R(~,d): q(q_l)ka~+qk(o~+a2) 2 
- - -  r + q ~  ; 

_ qtq-1) 2 

R(~,&): q(q-1)~ 2 2 
2 (F's + ~d § 2~ + 

2 
qk(c; +arr,)+qae. 

Line  of Dam 

Sire Line 1 2 3 4 

1 - -  24 7 35 
2 6 . . . .  34 
3 17 20 - -  41 
4 25 5 53 - -  

The m o d e l  i s  

+ Yxij k + s i+ dj + rij + 

zij k = 1527 ; 
i j k 

~ , ~ ,  ~ j ~ i j k  = 3943" 
i j k  

6.  I l l u s t r a t i o n  

Suppose we have drawn a sample of four lines from 

some population and the number of cross-line progeny 

is as follows: 

Line  of  D a m  

Sire Line I 2 3 4 

1 0 5 2 9 
2 3 0 0 6 
3 4 7 0 8 
4 8 2 9 0 

The sums of the observations for each subclass are 

Line  o f  D a m  

S i r e  L i n e  1 2 3 4 

1 - -  74 25 161 
2 40 . . . .  71 
3 42 64 - -  65 
4 57 21 143 - -  

T h e r e  i s  a c o v a r i a t e  a s s o c i a t e d  wi th  e a c h  o b s e r v a -  

t i on ,  and  the  s u b c l a s s  t o t a l s  f o r  t h e  c o v a r i a t e  a r e  

6 . 1 .  Least squares equations 

Then the  e q u a t i o n s  l i k e  (1)  a r e  a s  f o l l o w s :  

! ' =  [F y]; 

~ '=  Is I - . -  84 ] ;  

d '  = [d I . . -  d4 ] ;  

~'  = [ r 1 2 - - .  r 3 4 ] ;  

I 63 267 t 
= 

~ 0 0  267 1527 

16 9 19 19 1 
= 

~ 0 1  66 40 78 83 

15 14 11 23 t 

~ 0 2  = 
48 49 60 110 

I 5 2 9 3 0 6 4 7 8 8 2 9 \  
= ) 

C03  24 7 35 6 0 34 17 20 41 25 5 53 

C 
~II 

16 0 0 0 ) 
0 9 0 0 

: 

0 0 19 0 
0 0 0 19 
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C 1 2 =  t 

0 5 2 9 \ 

3 0 0 6 / ; 

4 7 0 8 

8 2 9 0 

--13 = 

5 2 9 0 0 0 0 0 0 0 0 0 \ 

0 0 0 3 0 6 0 0 0 0 0 0 

0 0 0 0 0 0 4 7 8 0 0 0 

0 0 0 0 0 0 0 0 0 8 2 9 

C22 = t 

15 0 0 0 \ 

0 14 0 0 t ; 
0 0 11 0 

0 0 0 23 

C23 = I 

0 0 0 3 0 0 4 0 0 8 0 0 \ 

5 0 0 0 0 0 0 7 0 0 2 0 / ;  

0 2 0 0 0 0 0 0 0 0 0 9 

0 0 9 0 0 6 0 0 8 0 0 0 

~33  = diagonal m a t r i x ~ t h d i a g o n a l s  = 

~5 2 9 3 0 6 4 7 8 8 2 9 ] ;  

~)= [763 3943];  

11 = [260 111 171 2 2 1 ] ;  

12 = [139 159 168 2973; 

~ = [74 25 161 40 0 71 42 64 65 57 21 1433. 

6 . 2 .  P red ic t ion  

Now suppose the r e l a t ive  va lues  of  c 2 2 s '  c;d' c s d '  
2 and 2 a r e  .5 ,  .6 .4,  .2 ,  .1,  and O'~ '3 (]l"r r~ e ' 

1. O, respectively. Then to 

_Cll c12), 
c_i2 c_22 

add 

(5: 1,286: 28 7:> = 

4 I  6 I  - 2 . 8 5 7 I  3 . 5 7 1 I  

to C__33 , add 

\ 

.2 0 0 .1 0 0 0 0 0 0 0 0 \ \ - 1  

0 .2 0 0 0 0 .1 0 0 0 0 0 

0 0 .2 0 0 0 0 0 0 .1 0 0 

.1 0 0 .2 0 0 0 0 0 0 0 0 

0 0 0 0 .2 0 0 .1 0 0 0 0 

0 0 0 0 0 .2 0 0 0 0 .1 0 

0 .1 0 0 0 0 .2 0 0 0 0 0 

0 0 0 0 .1 0 0 .2 0 0 0 0 

0 ,9 0 0 0 0 0 0 .2 0 0 . I  

0 3 .1 0 0 0 0 0 0 .2 0 0 A 

/ 0 3 0 0 0 .1 0 0 0 0 .2 0 

0 O 0 0 0 0 0 0 .1 0 0 .2 

The solution is 

[&, }3 = [4 .215 1 .939] ;  

~' = [2.774 .433 -2 .054  - 1 . 1 5 3 ] ;  

d '  = [ .645 .416 .067 - 1 . 1 2 8 ] ;  

~" = [ - .499  - . 441  2.388 1.120 .300 -1 .261 

- . 342  .599 -1 .445  - .898  .017 .464] .  

6 . 3 .  Es t ima t ion  of v a r i a n c e s :  Red(9_., s_, d,  _r) 

The solution is ~ = 2.053, ~ = O, and 

I'~ = [4.946 5.315 9.905 9.228 .200 1.775 

3.277 -2 .396  .709 5.368 3 .799]  with 

923 deleted. 

Reduction = II, 396.64 and expectation = 12o 2 + 
2 e 

6 3 ( ~ 2 + o s +  cry) +~_'X'XB. 

6 . 4 .  Es t ima t ion  of v a r i a n c e s :  Bed(k ,  K, h)  

Equations to solve are 

1527 

30 

24 

6O 

20 

39 

94 

30 24 60 20 39 9 4 ~  / ~  

8 o o o o o \ / , % 2  

0 ~ 0 0 0 0 / / ~ 1 3  
0 0 17 0 0 0 1 1 % 4  
0 0 0 7 0 0 l ~ r ~ 2 3  
0 0 0 0 8 0 1 \ % 4  
0 0 0 0 0 1 7 / \ ~ 3 4  

/3943\ 
114 

\" 
92 

�9 208 
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Table  1. Reduc t ions  and t h e i r  expec t a t i ons  

Coe f f i c i en t s  in E xpec t a t i ons  

2 2 
Reductions o o- .i ~ 0"i~ ~ r 

2 2 
~  ~  : s d  

B_ _x'x_~_ 

[ ' X  14,010 63 63 0 

(~, s  d, r )  11 ,396 .64  12 63 0 

(~, s  ~) 11,023.57 8 44.62 3.78 

(~, ~) 10,981.51 5 27.95 0 .41  

(~, d)  10 ,544 .67  5 27.76 - 0 . 2 0  

(~, ~, ~) 10 ,784 .79  7 36.24 25.21 

(~, ~) 10 ,746 .09  5 26.33 19.21 

63 63 0 1 

63 63 0 1 

63 63 0 1 

63 28.27 0 1 

27.22 63 0 1 

36.89 36.89 52.20 1 

34.77 34,77 56.45 1 

The so lu t ion  is  [2 .051 6.560 2.964 5.586 3.284 

1.503 . 8 9 6 ] .  Reduct ion  : 10 ,784 .79 .  Taking e x p e c t a -  

t ions  of r i gh t -hand  s ide s  under  a f i x e d  mode l ,  

B_ 1 

I6 i 4o 78 8~\ 3 0 0 

0 4 0 

= 0 0 8 \ ! o  o 
6 0 2 

0 8 9 

0 

0 

0 

1 

0 

Q = 0 

0 

0 

0 

/ ~ 
0 

0 0 1 0 0 0 0 0 0 O' 

0 0 0 0 I 0 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 I 0 

1 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 

0 1 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 1 0 0 0 

with r23 

de l e t ed .  

~2 

~3 

490o 6~176 t Oo 
\ i  ' ~  2 0 

0 9 

o oo o o 0 o o o 0 oO i t  oo oo 
= 0 9 0  0 0 0 0 8 0  

~176176 0 0 0  6 0 0 0 0 2  

0 0 0  0 0 0 8 0 0  

with r23 

de l e t ed ;  

Then, E ( R e d u c t i o n )  = 7or 2 + 36 .24~2+  25.215zm, + 

36 89~  + 36 8 9 ~  + 2(26 11>~sd 

6 . 5 .  E s t i m a t i o n  of  v a r i a n c e s  : o the r  r educ t ions  and 

expec ta t ions  

Ca lcu la t ing  o the r  r educ t ions  and expec t a t ions  and with 

X'X = 14,010,  Table 1 r e s u l t s .  

Solving fo r  the unknown v a r i a n c e s  and c o v a r i a n c e s ,  

we obtain  $2 51.24,  $ 2 =  5.61,  ^ = -16 . 96 ,  
= r (YZ'r t 

^2 8 .31 ,  ~ = - 4 . 2 8 ,  and 5sd = 6 .29 .  Obvious ly ,  
g 8  = 
t he se  a r e  not accep t ab l e  va lue s ,  but th is  is  not s u r -  

p r i s i n g  c o n s i d e r i n g  the s m a l l  s a m p l e  of  th is  e x a m p l e .  

Many m o r e  than four  l i nes  a r e  needed  fo r  v a r i a n c e  

componen t  e s t i m a t i o n .  



282 Theor .  App l .  Gene t .  49 (1977) 

Acknowledgement 

This research was supported in part by the Eastern 
Artificial Insemination Cooperative, Inc., Ithaca, 
New York. 

L i t e r a t u r e  

C o c k e r h a m ,  C . C .  : E s t i m a t i o n  of gene t i c  v a r i a n c e .  
In: S t a t i s t i c a l  G e n e t i c s  and P lan t  B r e e d i n g ,  pp .  

53-93.  Wash ing ton :  Nat iona l  A c a d e m y  of S c i e n c e s -  
Nat iona l  R e s e a r c h  Council  ( P u b .  982) 1963 

H e n d e r s o n ,  C . R .  : Spec i f i c  and g e n e r a l  combin ing  
a b i l i t y .  In: H e t e r o s i s ,  pp .  352-370.  A m e s :  Iowa 
Sta te  Co l l ege  P r e s s  1952 

H e n d e r s o n ,  C . R .  : Se l ec t ion  index  and e x p e c t e d  g e -  
ne t ic  a d v a n c e .  In: S t a t i s t i c a l  Gene t i c s  and P l a n t  
B r e e d i n g .  Wash ing ton :  Nat iona l  A c a d e m y  of 
S c i e n c e s - - N a t i o n a l  R e s e a r c h  Counci l  ( P u b .  982) 
1963 

H e n d e r s o n ,  C . B .  : Bes t  l i n e a r  u n b i a s e d  e s t i m a t i o n  
and p r e d i c t i o n  unde r  a s e l e c t i o n  m o d e l .  B i o m e -  
t r i c s  3_.~.1, 423 (1975) 

R e c e i v e d  O c t o b e r  14, 1976 
C o m m u n i c a t e d  by L . D .  Van Vleck 

C . R .  Hender,~on 
Dep t .  of An ima l  Sc i ence  
Cox-nell U n i v e r s i t y  
I thaca ,  New ~ o r k  14850 ( U . S . A . )  


